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Abs t rac t  

The d r i f t  motion of charged p a r t i c l e s  t rapped i n  a magnetic f i e l d  

t a k e s  p l a c e  a long  curves  of J = c o n s t a n t ,  where J i s  t h e  a d i a b a t i c  

i n t e g r a l  i n v a r i a n t .  These a r e  c losed  cu rves  i n  t h e  cases  u s u a l l y  

thought  of i n  connec t ion  with phys ica l  systems such a s  t h e  e a r t h ' s  

r a d i a t i o n  b e l t s .  The p r e s e n t  paper r e p o r t s  an e x p l o r a t i o n  of t h e  

p o s s i b i l i t y  t h a t  t h e r e  e x i s t  magnetic f i e l d s  such t h a t  t h e  curves  

J = c o n s t a n t  a r e  a fami ly  of s p i r a l s .  It i s  shown t h a t  a necessa ry  

c o n d i t i o n  f o r  t h i s  t o  o c c u r  i s  t h a t  t h e r e  e x i s t s  a J = c o n s t a n t  s p i r a l  

s u r f a c e  on which B = 0 ,  o r  each l i n e  of f o r c e  l y i n g  i n  it has  t h e  

p r o p e r t y  t h a t  a p a r t i c l e  s p i r a l l i n g  about  i t  does n o t ,  on t h e  average ,  

d r i f t  o f f  i t ,  o r  J s u f f e r s  a d i s c o n t i n u i t y  a s  one c r o s s e s  i t .  Whether 

any of t h e s e  c o n d i t i o n s  i n  f a c t  l eads  t o  t h e  cu rves  being a fami ly  of 

s p i r a l s  i s  n o t  d i scussed .  It seems t o  t h e  a u t h o r  t o  be u n l i k e l y  t h a t  

any r easonab le  model of t h e  e a r t h ' s  f i e l d  posses ses  t h e s e  p r o p e r t i e s .  
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In t roduc t ion  

We a r e  concerned wi th  the  a d i a b a t i c  d e s c r i p t i o n  of t h e  motion of 

t r apped  p a r t i c l e s  begun by Alfven and developed e x t e n s i v e l y  by o t h e r s .  

The r e s u l t s  t h a t  we need a r e  g iven  by Northrup (1). 
The motion of a charged p a r t i c l e  i s  desc r ibed  a s  occur r ing  i n  t h e  

fo l lowing  c o o r d i n a t e  system. Denote t h e  magnetic f i e l d  b y k .  Then, 

s i n c e  i 7 . B  n. = 0 ,  t h e r e  e x i s t  func t ions  (Y and B such t h a t z = c c u x A 3 .  

Both N and R a r e  c o n s t a n t  a long  each l i n e  of f o r c e .  They a r e  independent 

f u n c t i o n s .  Denote b y 4 p a t h  l e n g t h  a long  a l i n e  of f o r c e .  Then 

cy, @,a are  t h e  c o n f i g u r a t i o n  coord ina te s  used t o  d e s c r i b e  t h e  motion. 

The motion of a t rapped  p a r t i c l e  may be thought  of a s  composed of 

t h r e e  p a r t s .  The p a r t i c l e  c i r c l e s  r a p i d l y  about  a l i n e  of f o r c e .  The 

c e n t e r  of t h i s  c i r c l e  moves wi th  moderate speed a long  t h e  l i n e  of f o r c e .  

I f  t h e s e  two motions a r e  thought of t o g e t h e r ,  one s a y s  t h a t  t h e  p a r t i c l e  

moves a long  a h e l i x  of v a r i a b l e  p i t c h  abou t  a l i n e  of f o r c e .  F i n a l l y ,  

t h e  c e n t e r  of t h e  c i r c u l a r  motion, the s o  cal led gu id ing  c e n t e r ,  when 

p r o j e c t e d  a long  t h e  l i n e  of f o r c e  on which i t  i n s t a n t a n e o u s l y  l i e s ,  

s lowly  d r i f t s  about  on some re fe rence  s u r f a c e .  This slow d r i f t  can  be 

d i s c u s s e d  wi th  t h e  a i d  of 'CY, 8 ,  t h e r e  being no occas ion  t o  c o n s i d e r  the 

v a l u e  o f b a t  t h e  gu id ing  c e n t e r .  Since t h e  pa th  of t h i s  slow d r i f t  i s  t h e  

s o l e  s u b j e c t  of t h e  p r e s e n t  work, we w i l l  speak of t h e  motion a s  occur r ing  

i n  t h e  cy, 8 space.  A magnetic s h e l l  c o n s i s t s  of a curve  i n  t h i s  space.  

The motion of a t r apped  p a r t i c l e  i s  d e s c r i b e d  by t h r e e  a d i a b a t i c  

i n v a r i a n t s .  

f l u x  i n v a r i a n t s  . 
These a r e  t h e  magnetic moment cl, t h e  i n v a r i a n t  J, and t h e  

The l a s t  of these  i s  a t o o l  f o r  s tudy ing  t h e  e f f e c t  
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on t h e  motion of very  slow time v a r i a t i o n s  of t h e  magnetic f i e l d .  

w i l l  n o t  be concerned wi th  i t ,  

i n  t h e  cy, fl space of curves  of cons t an t  J ,  t h e s e  being t h e  t r a j e c t o r i e s  

i n  t h i s  space  of t h e  guid ing  c e n t e r  of a p a r t i c l e .  

p a r t i c u l a r  v a l u e  f o r  p,  then a s  J runs  over  a l l  p o s s i b l e  v a l u e s ,  a 

f ami ly  of curves  J = c o n s t a n t  i s  generated which f i l l s  t h e  space i n  

t h e  sense  t h a t  e x a c t l y  one member passes  through each p o i n t  i n  the  

space .  

suppose t h a t  p, has  t h e  same v a l u e  f o r  a l l  members. 

We 

Our o b j e c t  i s  t o  s tudy  the  s i t u a t i o n  

I f  one chooses a 

When w e  speak of a fami ly  of curves  J = c o n s t a n t ,  w e  w i l l  

The motion s a t i s f i e s  t h e  equat ions  g iven  by Northrup (2) 

(eT/c)  (&> = sua$ 

(eT/c)  < b ,' = aJ /& 
where e and c a r e  t h e  charge on the  p a r t i c l e  and t h e  speed of l i g h t .  

The pe r iod  of an  o s c i l l a t i o n  between m i r r o r  p o i n t s  i s  T ,  where T i s  

a func t ion  of a, @, p,, t h e  p a r t i c l e  energy,  and t ime.  The b racke t s  

> mean t h a t  t h e  q u a n t i t y  enclosed i s  averaged over  a f i e l d  l i n e  from one 

m i r r o r  p o i n t  t o  t h e  n e x t .  

A S p i r a l  Family 

I n  t h i s  s e c t i o n  we show, under c e r t a i n  assumptions concerning 

t h a t  no fami ly  of curves  J = c o n s t a n t  can be a t h e  magnet ic  f i e l d  

f ami ly  of s p i r a l s .  We d e f i n e  a family of s p i r a l s  a s  fo l lows .  Through 

each p o i n t  i n  t h e  cy, @ space passes  e x a c t l y  one member of t h e  fami ly .  

There i s  a t  l e a s t  one d i s t i n g u i s h e d  p o i n t  ( t h e r e  may be a connected 

compact se t  of them) c a l l e d  t h e  c e n t e r  of t h e  s p i r a l s .  

- - -  - -9 - 

Any curve  
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( n o t  a member of t h e  fami ly)  which begins  a t  t h e  c e n t e r ,  i s  of 

i n f i n i t e  l e n g t h ,  and i s  nowhere t angen t  t o  any member of t h e  fami ly  

i n t e r s e c t s  each member i n f i n i t e l y  o f t en .  This  curve  w i l l  be c a l l e d  

- t h e  a u x i l i a r y  curve .  S i n c e  e x a c t l y  one member of t h e  fami ly  pas ses  

through each p o i n t ,  no member i n t e r s e c t s  e i t h e r  i t s e l f  o r  any o t h e r  

member. 

I n  o r d e r  t o  c l a r i f y  t h e  meaning of t h e  d e f i n i t i o n ,  i t  i s  u s e f u l  

t o  c o n s i d e r  t h e  fo l lowing  r e s u l t .  Assume t h a t  t h e  curves  J = c o n s t a n t  

a r e  con t inuous ,  have cont inuous  f i r s t  d e r i v a t i v e s ,  and a r e  cont inuous  

f u n c t i o n s  of t h e i r  i n i t i a l  po in t .  

t h e  a u x i l i a r y  cu rve  a t  some p o i n t  w h i l e  going i n  a p a r t i c u l a r  d i r e c t i o n  

( f o r  example, c lockwise  about  t h e  c e n t e r ) ,  and t h a t  a t  i t s  n e x t  i n t e r s e c t i o n  

wi th  t h e  a u x i l i a r y  cu rve  i t  i s  going i n  t h e  o p p o s i t e  d i r e c t i o n .  

a long  t h e  a u x i l i a r y  cu rve  from t h e  f i r s t  of t h e s e  i n t e r s e c t i o n s  t o  t h e  

second.  From t h e  c o n t i n u i t y  assumption, i t  fo l lows  t h a t  a t  some p o i n t  

t h e r e  i s  a curve  J = c o n s t a n t  which i s  t angen t  t o  t h e  a u x i l i a r y  curve .  

Th i s  i s  excluded by t h e  d e f i n i t i o n  of a fami ly  of s p i r a l s .  We conclude 

t h a t  a l l  c r o s s i n g s  of t h e  a u x i l i a r y  curve  by a g i v e n  cu rve  J = c o n s t a n t  

a r e  i n  t h e  same sense .  

Suppose t h a t  one of them i n t e r s e c t s  

Move 

W e  now proceed t o  t h e  proof .  Assume t h a t  t h e  cu rves  J = c o n s t a n t  

a r e  a fami ly  of s p i r a l s .  Denote by R t h e  p a t h  l e n g t h  a long  an  a u x i l i a r y  

cu rve  as c a l l e d  f o r  by t h e  d e f i n i t i o n .  Assume t h a t  t h i s  a u x i l i a r y  cu rve  

can  be so chosen t h a t  a t  each p o i n t  on i t A  
a n d < b )  vanish .  

# 0 and n o t  bo th  of (&) 

This  can obviously be done i f ,  f o r  example, t h e  con-  

d i t i o n s  i n  ques t ion  occur  only  a t  i s o l a t e d  p o i n t s .  Assume a l s o  t h a t  
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t h e  a u x i l i a r y  cu rve  can  be so chosen t h a t  T does n o t  van i sh  a t  any 

p o i n t  on i t ,  and t h a t  J i s  a cont inuous f u n c t i o n  of 1. These 

assumpt ions  w i l l  be  examined i n  d e t a i l  i n  t h e  n e x t  s e c t i o n .  

Consider  t h e  r e l a t i o n  

d J  
dR ;30( dR ?j3 dR . aJ d a  + aJ  d@ - = - -  

From ( 1 )  t h i s  i s  

W e  now show t h a t  t h e  r i g h t  member cannot  van i sh .  We ..ave assumeL t h a t  

T # 0. 

p roduc t  of t h e  two v e c t o r s  !-- <b), ,&)?and &/dQ,  dB/dR; . 
second of t h e s e  i s  t angen t  t o  t h e  a u x i l i a r y  curve .  From ( l ) ,  t h e  f i r s t  

i s  normal t o  t h e  cu rve  J = cons tan t .  S ince  we a r e  i n  a two dimensional  

space ,  t h e s e  v e c t o r s  c a n  be normal t o  each o t h e r  on ly  i f  t h e  a u x i l i a r y  

cu rve  i s  t angen t  t o  t h e  cu rve  J = cons tan t .  This  i s  excluded by t h e  

d e f i n i t i o n .  

We now show t h a t  t h e  van i sh ing  of t h e  v e c t o r  d Q / d l ,  dp/dR i m p l i e s  t h e  

van i sh ing  o f s ,  which has  been assumed n o t  t o  occur .  L e t L b e  a v e c t o r  

t angen t  t o  t h e  a u x i l i a r y  curve .  

i m p l i e s  t h a t  - t = V @  = p p B  = 0. 

- B ~cyy.;.$ i t  fo l lows  t h a t A =  0. Suppose, t hen ,  t h a t  n e i t h e r  g r a d i e n t  

van i shes .  Thenga, -p, a n d L a l l  l i e  i n  one p l a n e ,  and bo th  

a r e  p e r p e n d i c u l a r  t o  L. 

But t h e n ,  a g a i n ,  z= 0. 

n o t  v a n i s h .  From t h e  assumed c o n t i n u i t y  of J t o g e t h e r  w i th  t h e  cons t an t  

s i g n  of i t s  d e r i v a t i v e  i t  fo l lows  t h a t  J is  a monotonic f u n c t i o n  of R. 

A s  a r e s u l t ,  t h e  a u x i l i a r y  cu rve  i n t e r s e c t s  a g iven  cu rve  J = c o n s t a n t  

The q u a n t i t y  i n  square  b racke t s  can  be thought  of a s  t h e  s c a l a r  

The 

We have assumed t h a t  t h e  v e c t o r  i -  <i>, <&) does n o t  vanish .  

Then t h e  van i sh ing  of dc//dQ and dB/dR 

I f  e i t h e r p r H  o r y B 4  , then  from 

and y R  

Consequently,  t hey  a r e  p a r a l l e l  t o  each o t h e r .  

We conclude t h a t  t h e  r i g h t  member of ( 2 )  does 
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a t  most once.  The cu rves  J = cons tan t  a r e  n o t  a fami ly  of s p i r a l s .  

D i s c u s  s i  on of A s  sump t i on s 

The assumption t h a t  T does n o t  van i sh  means t h a t  success ive  m i r r o r  

p o i n t s  do n o t  c o i n c i d e ,  and hence t h a t  t h e  a u x i l i a r y  curve  does n o t  

i n t e r s e c t  a curve  J = 0. A curve  J = 0 i s  a curve  of c o n s t a n t  B w i th  

t h e  r e c i p r o c a l  of t h e  c o n s t a n t  being equal  t o  t h e  v a l u e  of P I ( $  mv 2 ) 

f o r  t h e  p a r t i c l e  i n  q u e s t i o n .  

b e l t s ,  t h i s  curve  l i e s  c l o s e r  t o  t h e  e a r t h  than  does t h e  r eg ion  of i n t e r e s t .  

I n  o r d e r  t o  a t t e m p t  t h e  c o n s t r u c t i o n  of a fami ly  of s p i r a l s  u s ing  such a 

In  a t y p i c a l  a p p l i c a t i o n  t o  t h e  r a d i a t i o n  

cu rve ,  i t  i s  obvious ly  necessa ry  t h a t  t h e  cu rve  B = $ mv 2 /b be a s p i r a l .  

We have a l s o  assumed t h a t  J i s  a cont inuous  f u n c t i o n  of R . We 

c o n s i d e r  on ly  t h e  c a s e  where L i s  a cont inuous  f u n c t i o n  of p o s i t i o n .  

Then J can  be d i scon t inuous  i f  t h e  range of i n t e g r a t i o n  i s  a d i scon t inuous  

f u n c t i o n  of p o s i t i o n .  

p o i n t s  f o r  t h e  g iven  v a l u e  of a s  one moves a long  t h e  a u x i l i a r y  curve .  

It i s  obvious t h a t  t h e  curve  of d i s c o n t i n u i t y  must be a s p i r a l  and a l s o  a 

cu rve  of c o n s t a n t  J. The e x i s t e n c e  of such a cu rve  d e f e a t s  t h e  proof 

s i n c e ,  wh i l e  J i s  a p iecewise  monotonic f u n c t i o n  of p o s i t i o n  a long  t h e  

a u x i l i a r y  cu rve ,  i t  can  now i n  such a way s u f f e r  a s t epwise  change i n  

v a l u e  upon each c r o s s i n g  of t h e  curve of d i s c o n t i n u i t y  t h a t ,  between any 

two such consecu t ive  c r o s s i n g s ,  J v a r i e s  ove r  t h e  same range a s  between 

any o t h e r  two. It i s  n o t  n e c e s s a r i l y  so  t h a t  more and more m i r r o r  p o i n t s  

a r e  added a s  t h e  curve  of d i s c o n t i n u i t y  i s  c r o s s e d  more and more t i m e s .  

It i s  obvious t h a t  t h e  occurrence of e x t r a  m i r r o r  p o i n t s  i n  such a way a s  t o  

produce such a cu rve  of d i s c o n t i n u i t y  i s  n o t  p o s s i b l e  when l i n e s  of f o r c e  

w i t h  more than  a s i n g l e  minimum i n  B a r e  r e p r e s e n t e d  by i s o l a t e d  p o i n t s  i n  

This  can  happen through t h e  a d d i t i o n  of new m i r r o r  
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a ,  B space.  

The asscmptior. t h a t c j )  ,(B) do n o t  s imul taneous ly  van i sh  means 

t h a t  through no p o i n t  on t h e  a u x i l i a r y  curve  passes  a l i n e  of f o r c e  

wi th  t h e  p rope r ty  t h a t ,  on t h e  average ,  a p a r t i c l e  s p i r a l l i n g  about  

i t  does n o t  d r i f t  o f f  i t .  Evident ly ,  i n  o r d e r  t o  d e f e a t  t h e  proof 

t h e r e  must be a s p i r a l  curve of cons t an t  J such t h a t  every p o i n t  on 

i t  h a s  t h i s  p rope r ty .  

We have shown, t h e n ,  t h a t  t h e  s e t  of curves  J = c o n s t a n t  being a 

f ami ly  of s p i r a l s  imp l i e s  t h a t  t h e r e  i s  one member of t h e  fami ly  a t  

every  p o i n t  of which J s u f f e r s  a d i s c o n t i n u i t y  through t h e  i n t r o d u c t i o n  

of a new m i r r o r  p o i n t ,  o r  bo th  <&> and <;) van i sh  so t h a t  no d r i f t i n g  

occur s ,  o r , & . =  0. 

pe rmi t s  t h e  occurrence of a fami ly  of s p i r a l s .  

W e  have no t  shown t h a t  any of t h e s e  c o n d i t i o n s  

C onc 1 us i on 

While t h e  s i t u a t i o n  i s  n o t  a s  c l e a r  c u t  as  one could wish,  i t  

seems u n l i k e l y  t h a t  any reasonable  model of t h e  e a r t h ' s  f i e l d  possesses  

any of t h e  p r o p e r t i e s  which permi t  t h e  s e t  of curves  J = c o n s t a n t  t o  be 

a fami ly  of s p i r a l s .  Whether any a s t r o p h y s i c a l l y  i n t e r e s t i n g  f i e l d s  of 

t h i s  s o r t  can  be cons t ruc t ed  i s  unce r t a in .  I f  any such model i s  

a t t empted ,  one must s t i l l  d i scove r  whether t h e  magnetic f i e l d  p rope r ty  

which breaks  down t h e  p r e s e n t  theorem produces a s p i r a l  fami ly  of 

c u r v e s  J = c o n s t a n t .  
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